Abstract. We prove our title, and thereby establish the base for a positive solution of Albert and Burris' problem on the finite axiomatizability of the model companion of the class of all pseudocomplemented semilattices.
Introduction
The purpose of this paper is to prove its title. It is based on [11] and essentially combines, in a new setting, results of Regula Rupp's PhD Thesis [10] with results of Joel Adler's PhD Thesis [1] .
The motivation for this work comes from the problem posed by Albert and Burris in the final paragraph of [3] : "Does the class of pseudo-complemented semilattices have a finitely axiomatizable model companion?"
Together with Adler's 2012 preprint [2], the present paper will provide a positive answer to Albert and Burris' question. In fact, we show here that the class of all algebraically closed pseudocomplemented semilattices-for short: a.c. p-semilattices-is finitely axiomatizable in the first-order language of p-semilattices, by providing four axioms-one of which is distributivitycharacterizing this class.
Recall that the model companion mentioned above consists precisely of all existentially complete-for short, e.c.-p-semilattices and is thus a subclass of the class of all a.c. p-semilattices. Adler's preprint [2] provides finitely many additional axioms singling out the e.c. members within all a.c. p-semilattices, and thus will settle the problem.
The paper is organized as follows. Section 2 collects the basic algebraic notions concerning p-semilattices, while Section 3 provides a short summary of the relevant model-theoretic concepts, adapted to our setting.
In Section 4, we consider distributive meet-semilattices. The main result of the section is that in a distributive p-semilattice P , an arbitrary-not necessarily distributive-finite p-subsemilattice F P can be extended to a finite distributive p-semilattice F 0 such that F F 0 P .
In Section 5, we specify an axiom (A1) guaranteeing that F 0 , as obtained in Section 4, can be extended to a finite distributive p-semilattice F 1 with F 0 F 1 P such that the dense elements of F 1 form a boolean meet-semilattice under the induced order.
In Section 6, another axiom, (A2), is introduced, and it is shown that F 1 , as obtained in Section 5, can be extended to a finite p-semilattice F 2 with F 1 F 2 P such that F 2 is isomorphic to a direct product of subdirectly irreducible p-semilattices, provided P satisfies (A2).
In Section 7, it is shown that in a p-semilattice P satisfying an additional axiom (A3), any finite p-subsemilattice F 2 , as obtained in Section 6, can be extended to a p-subsemilattice F 3 P isomorphic to a direct product with finitely many factors, each of them being either the two-element boolean psemilattice or the unique countable atom-free boolean algebra with a new top element added.
Section 8 establishes the necessity of the above axioms for a p-semilattice to be algebraically closed. Finally, Section 9 formulates our main theorem.
Pseudocomplemented semilattices
A pseudocomplemented semilattice (for short: p-semilattice) (P ; ∧, * , 0, 1) is a meet-semilattice (P ; ∧) with least element 0 and top element 1, equipped with an unary operation a → a * such that for all x ∈ P , x∧a = 0 iff x ≤ a * . It is a nontrivial fact that the class PCS of all p-semilattices can be (finitely) axiomatized by identities in the first-order language L P CS = {∧, * , 0, 1}, making PCS a variety; see [5] . We freely write P for the p-semilattice (P ; ∧, * , 0, 1) (and similarly for algebraic structures in general whenever the operations and relations under consideration are clear from the context). An element d ∈ P satisfying d * = 0 is called dense. D(P ) denotes the set of all dense elements of P ; moreover, (D(P ); ∧, 1) is a subsemilattice-in fact, a filter-of (P ; ∧, 1).
The set of all skeletal elements of P is denoted by Sk(P ); it is a subalgebra of the p-semilattice P . Within Sk(P ) the supremum of two elements exists w.r.t. to the order inherited from P ; in fact, sup Sk {a, b} = (a
is a boolean algebra. The set of all atoms of P is denoted by At(P ).
For any p-semilattice P , a p-semilatticeP is obtained from P by adding a new top element. In most cases, the top element of P will be renamed to e and 1 will stand for the new top element. We write 2 for the two-element boolean algebra and A for the unique countable atom-free boolean algebra.
The class of p-semilattices P that are generated (as p-semilattices) by their skeletal and dense elements-that is, P = Sk(P ) ∪ D(P ) PCS -play an important rôle in our context. They are called representable; equivalently, P is representable iff every x ∈ P admits a (not necessarily unique) representation
